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Angle-Monotonicity of theta-graphs for points in convex position

Davood Bakhshesh*

Abstract

For a real number 0 < v < 180°, a geometric path
P = (p1,...,pn) is called angle-monotone with width ~
from p; to p, if there exists a closed wedge of angle ~y
such that every directed edge m of P lies inside the
wedge whose apex is p;. A geometric graph G is called
angle-monotone with width ~ if for any two vertices p
and ¢ in G, there exists an angle-monotone path with
width ~ from p to ¢. In this paper, we show that for
any integer k > 1 and any i € {2,3,4,5}, the theta-
graph O4x4; on a set of points in convex position is
angle-monotone with width 90° + £, where 6 = fg?:i.
Moreover, we present two sets of points in the plane, one
in convex position and the other in non-convex position,
to show that for every 0 < v < 180°, the graph O, is
not angle-monotone with width ~.

1 Introduction

Let S be a set of points in the plane. For two points
p,q € S, the Euclidean distance between p and ¢ is
denoted by |pg|. A geometric graph G = (S, E) is
a weighted graph such that any edge (x,y) of G is a
straight-line segment between x and y and the weight of
(x,y) is |zy|. The length of a path P = (p1,pa,...,p0r)
between p; and p, in G is denoted by |P|, and it is
defined as |P| = Z:;ll |pipi+1]- For any two points
p,q € S, the stretch factor (or dilation) between p and
q in a geometric graph G is the ratio of the length of
a shortest path between p and ¢ in G over |pg|. The
stretch factor of a geometric graph G is the maximum
stretch factor between all pairs of vertices of G.

Let t > 1 be a real number. A geometric graph G is
called a t-spanner if the stretch factor of G is at most
t. In Computational Geometry, constructing the ge-
ometric graphs with low stretch factor, small number
of edges (small size) and low weight is an important
problem. We refer the reader to the book [9] to study
t-spanners and their algorithms.

Let 6 > 0 be a real number. In [6], Dehkordi et al.,
introduced 6-paths. Let Wg be a 90° closed wedge de-
limited by the rays starting at p with the slopes 6 — 45°
and 0 + 45°. A path (p1,p2,...,pn) is called a 0-path if
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for every integer i with 1 < i < n — 1, the vector m
lies in the wedge W/ . Using the concept of §-paths,
Bonichon et al. [3] introduced angle-monotone graphs.
A geometric graph G = (5, F) is called angle-monotone
if for any two points u,v € S, there is a real number
6 > 0 such that G contains a f#-path between u and
v. Bonichon et al. [3] generalized the concept of angle-
monotone graphs to angle-monotone graphs with width
~. Let v be a real number with 0 < v < 180°. A geo-
metric path P = (p1,...,pn) is called angle-monotone
with width ~ from p; to p, if for some closed wedge
of angle ~, every vector m lies in the wedge whose
apex is p; (see Figure 1).

Figure 1: An angle-monotone path between z and y
with width v = 145°.

A geometric graph G is called angle-monotone with
width ~ if for any vertex p of G, there is an angle-
monotone path with width ~ from p to all other vertices
of G. It is remarkable that if a path is angle-monotone
with width v from x to y, then the path is also angle-
monotone with width v from y to z.

In [6], Dehkordi et al. show that any Gabriel triangu-
lation is an angle-monotone graph with width 90°. In
[8], Lubiw and Mondal show that for any set of points in
the plane, there is an angle-monotone graph with width
90° with a subquadratic size. Furthermore, they showed
that for any angle g with 0 < 8 < 45°, and for any
set of points in the plane, there is an angle-monotone
graph with width (90° + ) of size O(%). Bakhshesh

and Farshi [1] present a point set in the plane such that
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its Delaunay triangulation is not angle-monotone with
width less than 140°. Bakhshesh and Farshi [2] prove
that the minimum value of an angle v such that for
any set of points in the plane there is a plane angle-
monotone graph with width ~ is equal to 120°.

One of the most popular graphs in computational
geometry are theta-graphs which were introduced by
Clarkson [5] and independently by Keil [7]. Informally,
for every point set S in the plane and an integer m > 2,
the theta-graph ©,, is constructed by partitioning the
plane into m cones at each point p € S, and joining
the closest point to p at each cone (in the next section,
closest will be defined). Bonichon et al. [3] proved that
for any set of points in the plane, half-Og-graph, a plane
subgraph of ©¢, whose edges are obtained by selecting
every other cone, i.e., alternate cones, is angle-monotone
with width 120°. In [6], Dehkordi et al. prove that for
every set of n points in the plane that are in convex
position, there exists an angle-monotone graph (angle-
monotone graph with width 90°) with O(nlogn) edges.
To the best of our knowledge, it is unknown if the theta-
graphs except Og are angle-monotone with a constant
width.

In this paper, we show that for any set of points
in convex position, and any integer £k > 1 and any
i € {2,3,4,5}, the theta-graph ©4;; is angle-monotone
with width 90° + %, where 0 = 22?;. Moreover, we
present two sets of points in the plane, one in convex
position and the other in non-convex position, to show
that for every 0 < v < 180°, the graph ©4 is not angle-
monotone with width ~.

2 Preliminaries

Let m > 3 be an integer, and let § = %’r be a real
number. For any integer ¢ with 0 < ¢ < m and a point p
in the plane, let R? be the ray emanating from p making
the angle 6 x i = 27mi/m with the positive z-axis (the
angles are considered in counter-clockwise). Let C? be
the cone which is constructed by the rays R} and RY, ;.
Note that we assume that RE, = R{. For a point  and
a cone C?, we say C? contains r (or, r € C?) if r lies
strictly between RY and RY, ,, or lies on RY, ;. If r lies
on RY, then r ¢ C?. For a point set S, the theta-graph
O,, is constructed as follows. For each point p € S,
we partition the plane into m cones C§,CY,...,CP _|
(see Figure 2). Then, for each cone C? containing at
least one point of S other than p, let r; € C? be a point
such that |pr}| is minimum where r; is the perpendicular
projection of 7; onto the bisector of C¥. Then, we add
the edge (p,r;) to the graph. We assume that a pair
(a,b) is a directed edge. We call the point r the closest
point to p in C¥. For a point ¢ € C?, the canonical
triangle T},q is the isosceles triangle which is constructed
by the rays of C? and the line through ¢ perpendicular

Figure 2: Partition the plane into m = 18 cones with
apex at p.

to the bisector of C*. For more details on theta-graphs,
see [9].

Let S be a set of n > 3 points in the plane that are
in convex position. In the following, when we use the
notation G, we mean one of the graphs O4x12, O4p+3,
O4k+4 and Oyp45. Throughout the paper, we assume
that p and ¢ are two distinct points in .S and suppose,
without loss of generality, that ¢ € C¥. Let Wy be the
wedge with apex at the origin O that is the union of
all cones C¢ with {mT_q <t < {mT_ZW Let W, be
the reflection of Wy with respect to the point O. Now,
let Up be a wedge with apex at the origin O such that
Uo =W5HUCS (see Figure 3).

m =4k + 2 m=4k +3

m =4k + 4

\

Uo

Figure 3: The wedges Wo and Up for the different val-
ues of m.
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3 Angle-monotonicity of theta-graphs

In this section, we show that for any integer £ > 1
and any i € {2,3,4,5}, the theta-graph Oy, is angle-
monotone with width 90° + %. To this end, we show
that there is an angle-monotone path between p and ¢
in G with width 90° + £. Let P = (p = vo,v1,...,v;)
be the directed path in G such that v;11 € Cj* is the
closest point to v;, and v; is the last vertex of the path
P that lies in Tp,. Let P be the directed path which
is obtained by reversing the direction of all edges of
P. If v; = ¢, then obviously P is an angle-monotone
path from p to ¢ with width 8. Then, we are done.
Now, in what follows, we assume that v; # q. Suppose,
without loss of generality, that ¢ is below P U C{' (see
Figure 4). Let Q = (¢ = ap,a1...,a4 = v;) be the

U1

Figure 4: The path P.

path constructed by the algorithm ©-WALK(q,v;) (see
Algorithm 1). The path @ is a path between ¢ and v,
in G such that for any a; there exists a cone C;“ such
that v; € Cja and (a;,a;41) is an edge of G.

Algorithm 1: ©-WALK(a, b) (see [9])
output: A path between a and b in theta-graphs
apg = a;

1 :=0;
while a; # b do
s := an integer such that b € C%;
a;+1 := a point of C% N S\{a;} such that
(a;.ai41) is an edge of O;
=1+ 1;
end
return the path (ag, a1, ... a;);
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3.1 The graphs Oy 2 and Oy 4
We first prove the following lemma.

Lemma 1 If G = Oyp42, then every edge (a;,a;41) of
the path @ lies in the wedge W,,.

Proof. Let ¢; be the horizontal line passing through
vy, and ¢ be the line passing through v; that forms an

angle # with the positive z-axis. Let ¢; and ¢y be the
intersection of ¢; and ¢ with the sides of the triangle
T,, which are incident to p (see Figure 5). Based on

Y
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Figure 5: Illustrating the proof of Lemma 1.

the construction of the path P, the vertex v;_; lies in
the quadrilateral pciv;cs. Let j be an integer such that
q € C}'. Since we assume that g is below P U Cy', we
have 3k +2 < 7 < 4k + 1. Since q € C;-”, we have
v € Cg_(2k+1). Consider the triangle Tg,,. Let = and y
be the two other vertices of T}, as depicted in Figure 5.
Let dy # v; be the intersection of ¢; and Tg,,, and let
da # v; be the intersection of ¢ and Tj,,. It is notable
that it is possible that the segment xy completely lies
on the line ¢5. In this case, we assume that do = y.
Now, if any vertex u of the path @ lies in the triangle
Avyyds, since v;_1 lies in the quadrilateral pciv;ce, the
triangle quv;_1 contains the vertex v; that contradicts
the convexity of the points. Hence, no vertices of @ lie
in the triangle Avjyds. By similar reasons, no vertices
of @ lie in the triangle Aquyp. Since Cj' NTp, does not
contain any point of S, the path () completely lies in
the triangle Agdyv;. Then, for any edge (a;, a;+1) of Q,
there is an integer ¢ with j — (2k+1) <t < 2k such that
ai+1 € C{. Since 3k+2 < j < 4k+1, clearly (a;, a;+1)
lies in the wedge W, . g

Now, we have the following lemma.

Lemma 2 If G = Oupy2, then every edge (x,y) of the
path P U Q lies in the wedge U,.

Proof. By Lemma 1, every edge (a,b) of @ lies in the
wedge W,. Therefore, every edge (b, a) of Q lies in the
wedge W;. On the other hand, every edge (v;,v;41) of
P lies in the cone Cji. Since Up = W, U C§, every
edge (z,) of the path P U @ lies in the wedge U,. [

Theorem 3 For any set S of points in the plane that
are in convex position and for any integer k > 1, the
graph G = © 1o is angle-monotone with width 90° + g.

Proof. Consider the points p and ¢q. By Lemma 2, ev-
ery edge (x,y) of the path P U Q lies in the wedge U, .
Therefore, the path P U Q is an angle-monotone path
from p to ¢ in G with width k6 + 6. Note that for
G = Oyj42, the angle of the wedge U, is k0 + 0. Since
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0 = 350° we have kf+60 = 90°— £ +6 = 90°+Z. Hence,

k42>
P UQ is an angle-monotone path with width 90° + g.
This completes the proof. O

Similar to the proof of Theorem 3, for G = O 4544 with
k > 1, we can prove that the path P U Q is an angle-
monotone path from p to ¢ with width (k4 1)6 4+ 6 =
90° + 0. Note that for G = ©Og14, the angle of the
wedge U, is (kK + 1)0 + 6. Hence, we have the following
theorem.

Theorem 4 For any set S of points in the plane that
are in convex position and for any integer k > 1, the
graph G = O4p14 is angle-monotone with width 90° + 6.

In [3], Bonichon et al., show that any angle-monotone
graph with width v < 180° is a t-spanner with ¢ =
1/ cos 3. Hence, we have the following result.

Corollary 1 For any set of points in the plane that
are in convexr position and for any integer k > 1, the
graphs © 412 and Oy 14 have the stretch factor at most
1/cos (2 +9) and 1/cos (5 + 4), respectively.

3.2 The graphs Oy 3 and Oy 5

We first assume that G = ©4,43. Here, we present an
algorithm that finds an angle-monotone path P between
p and ¢ in G with a constant width. The algorithm is
as follows. It first finds the path P = (p = vo,...,v;)
which was introduced earlier. If v; = ¢, then clearly
P = P is an angle-monotone path with width 6, and we
are done. Now, in the following we assume that v; # q.
Let a be the topmost vertex of the triangle T}, and let
b # p be the other vertex of T},q. Let m be the midpoint
of ab. The algorithm considers the following cases.

e Case 1: ¢ lies on the segment am. Now, let
Q = (¢ = ap,...,v;) be the path constructed by
the algorithm ©-WALK(g,v;). Then, the algorithm
outputs the path P =P U Q

e Case 2: ¢ lies on the segment bm. Let P/ = (¢ =
uo, - - ., Us) be the path in G such that u; 11 € C3i
and u; is the closest point to u;, and us is the last
vertex of the path P’ that lies in Tj,,. Let b’ be the
topmost vertex of the triangle T, and let o’ be the
bottommost vertex of Ty,. Let m’ be the midpoint
of ’'t/. Since q € C¥, it is easy to see that p lies on
the segment a’m’. Now, there are two cases:

— (I): P and P’ have a common vertex w. The
algorithm outputs the path R which is formed
by the portion of P from vy to w followed by
the portion of P’ from w to q.

— (II): P and P’ do not have any common ver-
tex. Now, consider two following cases: (a):

there is a vertex g # g of the path P’ be-
low the path P. (b): all vertices of P’ are
above the path P. For the case (a), let uy
be the last vertex of P’ below the path P
and let ' be the constructed path by the
algorithm ©-WALK(p, up). Then, the algo-
rithm outputs path P = P’ U Q’. For the
case (b), first the path Q@ = ©-WALK(q, v;) is
constructed. Then, the algorithm outputs the
path P = PU Q.

For more details, see Algorithm 2.

Algorithm 2: ANGLE-MONOTONE-PATH-

Our+3(p, q)

output: An angle-monotone path between p and q in ©4p43

1 Pi=0;
2 Compute the path P = (p = vo,...,v);
3 if v; # q then
4 if g lies on the segment “am” then
5 Q := ©-WALK(q, v;);
6 P:=PUQ;
7 end
8 else
9 Compute the path P’ = (¢ = uog, ..., us);
10 if P and P’ have a common vertex w then
11 R := the path which is formed by the portion of P
from vy to w followed by the portion of P’ from w
to q;
12 P := R;
13 end
14 else
15 if there is a vertex g # q of the path P’ below
the path P then
16 wup, := the last vertex of P’ below P;
17 Q' := O-WALK(p, up);
18 P:=P UQ
19 end
20 else
21 Q = ©-WALK(q, v;);
22 ‘ P=PUCG;
23 end
24 end
25 end
26 end
27 else
28 ‘ P = P;
29 end

30 return P;

In the following, we show that the path P returned
by Algorithm 2 is an angle-monotone path between p
and ¢ with width 90° + ?:Te. We first prove the following
lemma.

Lemma 5 If g lies on the segment am, then every edge
(ai,a;y1) of the path Q@ = (¢ = ag,...,v;) lies in the
wedge W, .

Proof. Let j be an integer such that v; € CJ. Since we
assumed that ¢ is below P UC{", we have k+1 < j <
2k + 1. Consider the triangle Ty,,. Let z and y be the
two other vertices of Ty, as depicted in Figure 6(a). It is
notable that the line passing through p and m is parallel
to the line passing through ¢ and y. Then, since ¢ lies on
the segment am, the point p is below the line passing
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through ¢ and y. Hence, because of the convexity of
the points, no points of @ lie in the triangle Aquy.
Consider the lines ¢; and /5, and the points d; and ds

peE

(b) Illustrating the proof of Lemma 8.

Figure 6: Illustrating the proofs of Lemma 5 and

Lemma 8.

as defined in the proof of Lemma 1. By the reasons
similar to the proof of Lemma 1, we can prove that the
path @ completely lies in the triangle Agdyv;. Then,
for any edge (a;,a;+1) of @, there is an integer ¢ with
Jj <t <2k+1suchthat a;y; € Cf*. Clearly, this shows
that (a;,a;11) lies in the wedge W,, . O

Now, we prove the following lemma.

Lemma 6 If q lies on the segment bm, then every edge
(riyTiv1) of the path R lies in the wedge U,., .

Proof. According to Algorithm 2, the path R is con-
structed when the paths P = (vy,...,v) and P’ =
(u1,...,us) have a common vertex. It is clear that for
every edge (v;, v;41) of the path P, we have v;41 € Cy°,
therefore (v;,v;41) lies in the wedge U,,. On the other
hand, for every edge (u;,u;y1) of P’, we have u;41 €
Cyiy1- Therefore, u; € Cyity or u; € Cy**'. Hence,
the edge (ujy1,u;) lies in the wedge U, ,. This com-
pletes the proof. O

Let Yo be a wedge with Vo = (Ufi§,3+2 Cio) U (C%+1)I

((C2Ok+1)/ is the reflection of C20k+1 with respect to the
origin O). It is clear that the angle of )y is equal to
(k+1)0 + 6/2. Now, we prove the following lemma.

Lemma 7 If q lies on the segment bm and the paths P
and P’ do not have any common vertex, and there is a
vertex g # q of the path P’ below the path P, then every
edge (c;,cir1) of the constructed path P by Algorithm 2
lies in the wedge Y., .

Proof. Le uy be the last vertex of P’ below P. Accord-
ing Algorithm 2, P = P'U(Q’ that Q' is the constructed
path by ©-WALK(p, up,). It is clear that for every edge
(ui, ui+1) of P', we have u;y; € C;‘,;H, and therefore
u; € (C;,ijr]l)/. Hence, (ti41,u;) lies in the wedge Y, , -
Let Q' = (p = a},d),...,a, = up). We claim that ev-
ery edge (aj,a;; ) lies in the wedge Y,/. Since p lies
on the segment a’m’, by the arguments similar to the
proof of Lemma 5, the claim is proved. These show that
if (¢;, ¢i+1) be an edge of the path P, it lies in the wedge
Ve 0

Now, we have the following lemma.

Lemma 8 If q lies on the segment bm and the paths P
and P’ do not have any common vertex, and there is no
vertexr g # q of the path P’ below the path P, then every
edge (r;,mi+1) of the constructed path P by Algorithm 2
lies in the wedge U, .

Proof. Let u; be a vertex of P’ above the path P.
Let v; be the last vertex of P to the left of u; (see
Figure 6(b)). Since p is to the left of u;, the vertex v;
always exist. Since there is no vertex g # ¢ of the
path P’ below the path P, we have u;_; = ¢. Now,
consider the triangle T),,,.,. Since P and P’ have no
common vertex, clearly u; & Ty,q,,,. Hence, if v; # p,
then the triangle Apu;v;41 contains the vertex v; which
contradicts the convexity of the points. Then, v; = p.
On the other hand, since v; # ¢, we must have v;41 &
T,u,, and therefore v; € Cf with k+1 <t < 2k + 1.
Now, by the arguments similar to the proof of Lemma 5,
we can prove that every edge (a;,a;4+1) of the path @
lies in the wedge W,,. Hence, it is clear that every
edge (r;,r;4+1) of the path P = PU Q lies in the wedge
Uy,. O

Based on Lemmas 5, 6, 7 and 8, any path constructed by
Algorithm 2 is angle-monotone with width (k+1)0+ g.
Since 0 = %, we have (k+1)0+4 = 90° + 3% Then,
the following theorem holds.

Theorem 9 For any set S of points in the plane that
are in convez position and for any integer k > 1, O4x43
18 angle-monotone with width 90° + %.

By the arguments similar to the proof of Theorem 9,
for G = Oyx45 with £ > 1, we can prove that the path
P is an angle-monotone path from p to ¢ with width
(k+1)0+ 4. Since § = %301, we have (k+1)0 + § =
90° + %. Then, the following theorem holds.

Theorem 10 For any set S of points in the plane that
are in convez position and for any integer k > 1, O4x45
18 angle-monotone with width 90° + 5719.

We close this section with the following result.
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Corollary 2 For any set of points in the plane that are
in conver position, the graphs Oupys and Oupys with
k > 1 have the stretch factor at most 1/cos (% + %)

and 1/cos (% + %), respectively.

4 Theta-graph O,

In the following, we present two point sets, one in convex
position and the other in non-convex position, to show
that the graph ©4 of the point set is not angle-monotone
for any width v > 0. Let pg, p2, p3 and ps be the
vertices of a rectangle with length 2 and width 1 + €,
where € > 0 is a small real number (see Figure 7(a)).
Let p; and ps be the midpoints of the segments pops
and psps, respectively. Now, let P = {po,p1,...,D5}

n 2 P

. . * . .
D5 1 P 1 s Vs A

(a) The point set P. (b) The point set V = P U
P

.
s

Figure 7: The point sets P and V.

Consider the theta-graph ©4 on P. It is not hard to see
that the edge set F of Oy is

E = {(po,p1), (p1,p2), (P2,P3), (P3,P4), (P4, P5), (D5, P0) }-

Now, since pgp2 and psps are parallel, it is obvious that
for any 0 < v < 180°, any path between p; and p4 is
not angle-monotone with width ~.

Let P’ = {p{,p},...,p5} be a copy of point set P
such that the points of P’ placed below the points of P
as depicted in Figure 7(b). Let V = P U P’. Tt is easy
to see that the edge set F' of the theta-graph ©,4 on the
point set V is

F = EU{(po,p}), (1, 15), (P 3), (05, 04), (P, P5), (05, P6)

U {(p{)aPB)a (p/17p4)7 (p/27p3)}'

It is obvious that for any 0 < v < 180°, any path be-
tween p; and p4 is not angle-monotone with width ~.
Now, we have the following theorem.

Theorem 11 For any angle 0 < v < 180°, the graph
O4 is not necessarily angle-monotone with width .

5 Remarks

In Corollaries 1 and 2, we examined the stretch
factor of the graphs Ogx12, Our+3, Ourta and Oupis
when the points placed in convex position. In [4],
Bose et al., show that the stretch factor of the
graphs Oypy2, O4r+3, Ourts and Oypis are at most
1 4+ 2sin(6/2), cos(0/4)/ (cos(6/2) — sin(36/4)),
1 + 2sin(0/2)/ (cos(6/2) — sin(6/2)) and
cos(0/4)/ (cos(6/2) — sin(36/4)), respectively.

By comparing the
results of Corollar- d b
ies 1 and 2 with
the results in [4],
we find that the re-
sults of the corollar-

ies do not improve a
the stretch factors
known in [4].

In the following,
we indicate whether
the bounds on the
width presented in Theorems 3, 4, 9 and 10 are tight
or not. Consider the graph O4;5. Figure 8 shows that
the upper bound on the width presented in Theorems 3
is tight. We place a vertex c close to the lower corner
of Ty, that is sufficiently far from the vertex b. We also
place a vertex d close to the upper corner of Ty, that is
sufficiently far from the vertex a. Now, the graph O45 42
of four points a, b, c and d is as shown in Figure 8. We
can easily see that each of the paths acb and adb are
angle-monotone with width 90° + g — €, for some real
number € > 0 that only depends on the distance be-
tween ¢ (d) and the lower corner (upper corner) of Ty
(Tpa)- If € approaches zero, then the width approaches
90° + £.

For Theorems 4, 9 and 10, we do not know whether
the bounds for the width is tight or not.

Figure 8: The lower bound
for the width of O4x42.

6 Conclusion

In this paper, we showed that for any set of points in
the plane that are in convex position and for any integer
k > 1 and any i € {2,3,4,5}, the theta-graph Oy, is
angle-monotone with width 90° + %, where 6 = 22302"
Moreover, we presented two sets of points in the plane,
one in convex position and the other in non-convex po-
sition, to show that for every 0 < v < 180°, the graph
O, is not angle-monotone with width ~. It is notable
that our technique in Section 3.2, does not work for O3
because by the proposed technique, the resulting path P
is angle-monotone with width 90° + %. Since for Os,
we have § = 2& = 72°. Then, 90° + 3¢ = 180°. We
conjecture for any set of points in convex position, O

is angle-monotone with a constant width. We tried to




ICCG 2022, Sharif UT, February 24, 2022

prove our conjecture but we did not succeed. Finally,
we present the following conjecture.

Conjecture 1 For any set of points in the plane that
are not conver position, for any integer k > 1 and any
i €{2,3,4,5}, the theta-graph Oy, is angle-monotone
with width 90° + £ where 6 = 359
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